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SOME COMMON FIXED POINT THEOREMS FOR 
CONTRACTIVE MAPPINGS IN COMPLEX-VALUED 
B-METRIC SPACES 


A.K. DUBEY, RITA SHUKLA, RAVI PRAKASH DUBEY 


ABSTRACT. In this paper, we obtain some common fixed point 
theorems for two single-valued mappings satisfying rational ex- 
pressions in complex valued b-metric spaces. Our results improve 
several well-known conventional results. Also, an example is given 
to illustrate our obtained result. 


1. Introduction 


The fixed point theorem, generally known as the Banach contraction 
mapping principle, appeared in explicit form in Banach’s thesis in 1922 
[9]. It has applications in different branches of Mathematical analysis 
and provides the solution of many problems in mathematical analy- 
sis. Later, a lot of articles have been dedicated to the improvement 
and generalization of the Banach’s contraction mapping principle in 
different spaces. 


In 1989, Bakhtin [6] introduced the concept of b-metric space as a 
generalization of metric spaces. Since then many papers have been 
devoted in this direction [4,7]. A new space called the complex-valued 
metric space which is more general form than metric spaces has been 
introduced by Azam et. al [1] and established the existence of fixed 
point theorems for maps satisfying the contraction condition. In 2012, 
Rouzkard and Imdad [3] proved some common fixed point theorems 
satisfying certain rational expressions in complex valued metric spaces 
which is extended and improved form of the results of Azam et al. [1]. 
Sintunavarat and Kumam [12] established common fixed point results 
by replacing constant of contractive condition to control functions. 


The concept of complex valued b-metric spaces was introduced in 2013 
by Rao et al. [8], which was more general than the well known complex 
valued metric spaces|l]. In sequel, AA.Mukheimer [2], proved some 


2010 Mathematics Subject Classification. 41H09, 47H10. 
Key words and phrases. fixed point, contractive mappings, b-metric spaces. 


©2015 Science Asia 


2 DUBEY, SHUKLA AND DUBEY 


common fixed point theorems of two self mappings satisfying a rational 
inequality on complex valued b-metric spaces. 


In this paper, some common fixed point theorems for a pair of maps un- 
der contraction involving rational expressions in the setting of complex 
valued b-metric spaces are proved. An examples is given to support 
the usability of our results. The obtained results are generalization- 
s of recent results proved by Azam et al. [1], AA. Mukheimer [2], 
H.K.Nashine [5], Bhatt et al.[10], Datta et al. [11], Chakkrid Klin-eam 
and Cholatis Suanoom [13] and Dubey et al.[14]. 


2. Preliminaries 


Let C be the set of complex numbers and 21, 22 € C. Define a partial or- 
der X on C as follows: z1 X 22 if and only if Re(z) € Re(z3), Im(z1) < 
Im(z2). 


Consequently, one can infer that z1 X 22 if one of the following condi- 
tions is satisfied: 

(i) Re(z1) = Re(z2), Im(z1) < Im(z3),: 

(ii) Re(z1) < Re(z2), Im(z1) = Im(z2),: 

(ii) Re(z1) < Re(z3), Im(z1) < Im(za),: 

(iv) Re(z;i) = Re(z2), Im(z1) = Im(zo).: 
In particular, we write 21 4 22 if z1 # z2 and one of (i),(ii) and (iii) is 
satisfied and we write 21 < 2, if only (iii) is satisfied. Notice that 

(a): If 0 X 21 S 22, then |z| < |z3]; 

(b): If 21 X z2 and z3 < z3 then 21 < 23, 

(c): If a,b € R and a € b then az X bz for all z € C. 

The: following definition is recently introduced by Rao et al. [8]. 














Definition 2.1. Let X be a nonempty set and let s > 1 be a given real 
number. A function d : X x X — C is called a complex valued b-metric 
on X if for all x,y,z € X the following conditions are satisfied: 

(i): 0 X d(x,y) and d(z, y) = 0 if and only if x = y; 

(ii): d(x, y) = d(y, x); 

(iii): d(x, y) Z s{d(a, z) + d(z, y)]. 

The: pair (X,d) is called a complex valued b-metric space. 
Example 2.2[8]. Let X = [0, 1]. Define the mapping d : X x X > C 
by d(x,y) = |x — y? + ilz — y?, for all z, y € X. 

Then (X, d) is a complex valued b-metric space with s = 2. 
Definition 2.3[8]. Let (X, d) be a complex valued b-metric space. 


(i) A point x € X is called interior point of a set A C X whenever 
there exists 0 < r € C such that B(x,r) = (y € X : d(x,y) <r} € A. 
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(ii) A point z € X is called a limit point of a set A whenever for every 
0-«r€C,B(z,r)n(A- (x]) Z o. 

(ii) A subset A C X is called open whenever each element of A is an 
interior point of A. 


(iv) A subset A C X is called closed whenever each element of A 
belongs to A. 


(v) A sub-basis for a Hausdorff topology 7 on X is a family F — 
{B(a,r): x € Xand0 <r}. 

Definition 2.4[8]. Let (X,d) be a complex valued b-metric space, 
(x4) be a sequence in X and x € X. 


(i) If for every c € C, with 0 < r there is N € N such that for all 
n> N, d(£n, £) < c, then {x,,} is said to be convergent, {£n }converges 
to x and z is the limit point of {x}. We denote this by lim, ,:::,, = x 
or {£n} > xasn > oo. 


(ii) If for every c € C, with 0 < r there is N € N such that for all 
n > N, d(2n,2nim) < c, where m € N, then (x, }is said to be Cauchy 
sequence. 

(ii) If every Cauchy sequence in X is convergent, then (X,d) is said 
to be a complete complex valued b-metric space. 

Lemma 2.5[8]. Let (X,d) be a complex valued b-metric space and 
let {x,}be a sequence in X. Then (zr,]converges to x if and only if 
Id(zx,, z)| — 0 as n — oo. 


Lemma 2.6[8]. Let (X,d) be a complex valued b-metric space and 
let (x, )be a sequence in X. Then {z} is a Cauchy sequence if and 
only if |d(z,, z444,,)| — 0 as n — oo, where m EN. 


3. Main Results 


In this section, we will prove some common fixed point theorems for 
the contractive mappings in complex valued b-metric space. 


Theorem 3.1. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let S, T' : X — X are mappings 
satisfying: 

Bd(x,Sx)d(y,Tw) Cd(y,Sx)d(x,Ty) 
d(Sz, Ty) XS Ad(z, y) TEIG L aaa : 


Dd(x,Sx)d(x,Ty) Ed(y,Sx)d(y,Ty) 
1+d(z,y) = Tea tS (3.1) 


for all x,y € X, where A, B, C, D and E are nonnegative reals with 
A 4- B cC 4-2sD 4 2sE « 1. Then S and T have a unique common 
fixed in X. 


Proof. For any arbitrary point r9 € X. Define sequence {£n} in X 
such that 
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LIn+1 = SEn, donc» = Toni, forn = 0, 1, 2, 3, seguga SS = (3.2) 

Now, we show that the sequence {x,} is Cauchy. Let £ = x2, and 

y = 22444 in (3.1), we have d(%an41, 32542) = d(Sz24, T 32441) 

E Bd(z2n,Sz2n)d(x2na1,T*2n41) 

i, Ad(2n, 541) 1-cd(rz2n,z2n41) 

Cd(z2n41,S225n)d(z2n /Tz2541) 

1--d(x2n,t2n44) 

Dd(z2s S224 )d(z2n T2441) 

1-d(xon,z2n4- 

Ed(zos 11,9225)d(z2n 11, T22541) 
1--d(x25,t2n41) 


Bd(z25 t2n41)d(z2n 41,22n42) 
= Ad(2n, Ln41) 1+d(x2n,2n41) 











I 




















| Dd(z2n 2n 41)d(x2n ,22n42) 
! 1--d(x2n,z2n4- ) 


which implies that 


Bld ] d ; 
Id(22541, Tant2)| < A|d(z2s, Fan41)| 4 | X Peru BEES 


| D|d(£2n,£2n+1)||d(£2n;£2n+2)| 
l |1+d(£2n,£2n+1)| i 


Since |1 + d(zo,, Len41)| > |d(ten, Len41)|, so we get 
A(Lon41, 22n42)| € Ald(Xon, Lang1)|+Bld(Gon41, Lant2)|+D|d(Gon, Lon+2)| 



































and hence 

d(zon41; £2n42)| € St 5 d(zos, 2241). — — — (3.3) 
Similarly, we obtain 

d(Ton42; Ton43)| € Ae dosi, 02842). — — — (3.4) 


Since A + B+C 4-2sD --2s5E < lands > 1 we get A+B+2sD < 
land A 4- B 4- 2sE <1. 

Therefore with ô = maz ( 4222, 144} < 1, and for all n > 0 and 
consequently, we have 


|d(®2n41, 22042) < Ó|d(zos, T2n+41)| < ?|d(2, 1, Lan)| mid c-r cs 
xi cc zc ici < o? d(x, 21). 


Similarly, we obtain 

[d simam) < o [diues] <0 denen Es) | m Se —- 
—------- < óntlld(zg, z,)|. — ——(3.5) 

Thus for any m > n,m,n € N, we get 

|[d(En, x)| € s|d(as; En+1)| + 8|d(Ln41, Lm)| 

< s|d(En, x541)] + s?|d(zagi, Fnt2)| + s?|d(a42; 2) 


< sld(tn,2n41)| +87 |d(@n41, Tn42)| + 8? ld(En42, 053) | + 5? |d( aca 25) 











< s|d(za, 241) 3s? ld (sa; Tn+2)| +s°|d(tn+2, Pas) SS 
are 5 num (Ce maet used desc) +87" |d(£m-1, m)l: 
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By using (3.5), we get 
|d(tn,;%m)| € só"|d(zo, z1)| + 526"! |d(zo, x1)| + $30"? |d(zo, z1)] 
+ Hsn Em d(x, 24) | 3-877167? | d(x, 21) | 2-57" 6 |d(xo, x1)| 
moy s dane) | 
i=l 
Therefore, 
Gate) 8 tO gs] 


i=1 


m-—1 oo 
Y stt |d(zo, 1)| € V (86)"|d(xo, 21)| 
t=n t=n 


sd)” 
= EI” |d(xo, z1)| 


and hence 





Ogi. < GO dx, £1 — Üasm,n > oo. 
1—5só 


Thus {z} is a Cauchy sequence in X. Since X is complete, there exists 
some u € X such that 7, — u as n — oo. Assume not, then there exists 
z € X such that 


Id(u, Su)| = |z| > 0. — — — (3.6) 
So by using the trianglular inequality and (3.1), we get 
z = d(u, Su) X sd(u, Lan42)+8d(Lan42, Su)= sd(u, xo442)-sd(T 2,41, Su) 


E _ $Bd(u,Su)d(zoun 41, T2241) 

E sd(u, 12542) E sAd(u, T2541) 1+d(u,t2n41) 

| sCd(r2n41,Su)d(u,Taanti) , sDd(u,Su)d(uTx2n41) , sEd(x2n41,Su)d(©an41,Tx2n41) 
l+d(u,£2n+1) ; 1+d(u,£2n+1) j 1+d(u,22n41) 


which implies that 


|z| = |d(u, Su)| € s|d(u, 2on+2)| + sAld(u, ron41)| 
sB\d(u,Su)||d(r2an41,02n+2)| 

[13-d(u,z2544)| 
sC|d(zxos 11,9) |d u,22n42)] 


























sD|d(u.Su)||d(u.z25 2) 























sE|d(zx2n4i,Su)|d(z2n4i;22n42)) ^ 
eaer] (3-7) 


Taking the limit of (3.7) as n — oo, we obtain that |z| = |d(u, Su)| < 0, 
a contradiction with (3.6). So |z| = 0. 

Hence Su = u. It follows that similarly T'u = u. Therefore, u is common 
fixed point of S and T. 

Finally, to prove the uniqueness of common fixed point, let u* is another 
common fixed point of S and T. Then 


d(u, u*) = d( Su, Tu*) 
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< Ad(u u*) j, Bd(u,Su)d(u*,Tu*) | Cd(u*,Su)d(u,Tu*) 





1+d(u,u*) 1+d(u,u*) 
, Dd(u,Su)d(u,Tu*) , Ed(w*,Su)d(u*,Tu*) 
1+d(u,u*) 1+d(u,u*) i 





Taking modulus of the above inequality, we get 
x * Cld(u* ,Su)||d(u,T'u*)| 
|d(u, u*)| € Ald(u, u*)| 4 Tera 
= Ald(u,u*)| + Cla (u*, u) | tel 
Since |1 + d(u, u*)| > |d(u, u*)]. 
Therefore 
|d(u, u*)| < Ald(u, u*)| + Cld(u, u*)|— (A + C)|d(u, u*)]. 
This is contradiction to A+ C < 1. Hence u = u*which proves the 
uniqueness of common fixed point in X. This completes the proof. 








Corollary 3.2. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying: 

d(T x, Ty) < Ad(x, y) _ Bd(a,Tx)d(y,Ty) | Cd(y,Tx)d(a,Ty) 








1+d(z,y) 1+d(a,y) 
l 1+d(x,y) ! 1+d(z,y) i 


for all x,y € X, where A, B, C, D and E are nonnegative reals with 
FB FC 42sD 4- 285E « 1. Then T has a unique common fixed in 





A 
X 
Proof. We can prove this result by applying Theorem 3.1 by setting 
S=T. 
Corollary 3.3. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying: 

m n Bd(x,T” x)d(y,T”y) , Cd(y,T” x)d(x,T”y) , Dd(x, T” x)d(x,T”y) 
s d i y) 1+d(z,y) 1+d(z,y) 1+d(zx,y) 

gre = ===(3.9) 


for all x,y € X, where A, B, C, D and E are nonnegative reals with 
A+B+C+2sD+2sE « 1. Then T has a unique fixed point in X. 


Proof. From Corollary 3.2, we obtain u € X such that 
T”u =u. 

The uniqueness follows from 

d(Tu, wd IIIa = d(T"Tu,T”u) 

< Ad(Tu, u) 4 Bd(Tu,T"Tu)d(u,T"u) 


























14+d(Tu,u) 
Cd(u,T"Tu)d(Tu,T™u) | Dd(Tu,T"Tu)d(Tu,T"u) 
1+d(Tu,u) 1+d(Tu,u) 
Ed(u,T"Tu)d(u,T"u) 
1+d(Tu,u) 
< Ad(Tu,u) + Cd(u, Ty — —— (3.10) 


1+d(Tu,u) * 
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By taking modulus of (3.10), we get 
Id(T'u,u)| € Ald(Tu, u)| + C|d(Tu, u) 
Since |1 + d(T'u, u)| > |d(T'u, u)|. 
Therefore, 

Id(T'u,u)| < (A+C)|d(Tu, u)|, a contradiction. So Tu = u. 


Hence Tu = T"4 = u. 


| |d(T'u;u)| 
[1o-d(T'u,u)| 


Therefore, the fixed point of T' is unique. This completes the proof. 


Corollary 3.4. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let S, T' : X — X are mappings 
satisfying: 


Bd(x,Sx)d(y,T 
d(Sz, Ty) Z Ad(z, y) + 2y T) 


Cd(y,Sx)d(z,Tw) Dd(x,Sx)d(x,Ty) 
Thea 1+d(z,y) = aed) 


for all x,y € X, where A, B,C and D are nonnegative reals with A + 
B+C+4+2sD <1. Then S and T have a unique common fixed in X. 
Proof. We can prove this result by applying Theorem 3.1 by setting 
E=0. 


Corollary 3.5. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying: 


d(Tx,Ty) X Ad(z, y) + TATu) 














(y. T)d(z;T y) (ePx)d(aty) 
Cd(y,Tx)d(z,T Dd(x,Tx)d(z,T 
| TEIG) sun 1+d(x,y) sese) 


for all z, y € X, where A, B, C and D are nonnegative reals with A 4- 
B -- C --2sD <1. Then T has a unique fixed point. 


Proof. We can prove this result by applying Corollary 3.4 by setting 
T = S and E — 0. 


Corollary 3.6. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let S,T : X — X are mappings 
satisfying: 

Bd(x,Sx)d(y,Ty) Cd(y,Sx)d(x,Ty) 
aon, Ty) xX Ad(z, y) EEG : dea : 


Ed(y,Sx)d(y,T 
+ Ray Seay Ty) — — — (3.13) 


for all x,y € X, where A, B, C and E are nonnegative reals with A + 
B 4- C 4-2sE <1. Then S and T have a unique common fixed in X. 


Proof. We can prove this result by applying Theorem 3.1 by setting 
1) Ug, 
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Corollary 3.7. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying: 

Bd(x2,Tx)d(y,Ty) Cd(y,Tx)d(x,Ty) 
d(Tx, Ty) 1 Ad; y) TIGA) : ERU) : 


Ed(y,Tx)d(y,Ty) 
Ga Seer ate (3.14) 


for all x,y € X, where A, B, C and E are nonnegative reals with A + 
B+C+42sE « 1. Then T has a unique fixed point. 

Proof. We can prove this result by applying Corollary 3.6 by setting 
T = and D = 0. 

Example 3.8. Let X = C. Define a function d : X x X — C such 
that d(z1, 22) = |v — zal? + ily1 — yo? 








where z1 = z; + iy, and zg = x3 + dyo. 
It is clear that (X, d) is a complex valued b-metric space with s = 2. 
Now, define two self mappings S, T : X — X as follows: 
0, 39€ 0 
I7 53,4, EQS 
log SOS ie) 
i, TEQ eq 
such that S = T,and z = x + iy. Let x = v5 and y = 0: and since 
A € [0, 1) we have 


PR. MT ae 


Bd( 5, 5) a 0,T(0)) 
T a ,0) 


Tz = T(x + iy) = 





- Ad(4 


Loa 
1--d(75,0) 
Dá( 5. T(45)), d(4 ds T(0)) | Ed(0/T (3) a(o.T(0)) 
1-d( 5,0) | 1-d(75,0) i 
However, notice that T”z = 0 for n > 1, so 
n n = Bd(z,T"x)d(y,T"y) , Cd(y,T"x)d(x,T”y) 
_ Dd(z,T"z)d(r,T"y) , Ed(y,T"x)d(y,T"y) 
1+d(z,y) 1+d(x,y) 
for all x,y € X, where A, B,C, D E > 0 with A+ B+C+2sD+2sE < 
1. So all conditions of Corollary 3.3 are satisfied to get a unique fixed 
Oof T. 


Our next theorem is a generalization of Theorem 3.1 of [5] in complex 
valued b-metric spaces. 
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Theorem 3.9 Let (X,d) be a complete complex valued b-metric s- 
pace with the coefficient s > 1 and let S,T' : X — X are mappings 
satisfying: 

d(Sz, Ty) 3 od(x, y) + 87096489 V (y, S) + d(y, Ty)] 
+6[d(x, Ty) + d(y, Sx)] — ——(3.15) 

for all x,y € X, where a, 8, y,6 are nonnegative reals with a+ B 4- 2 4- 
2s0 « 1. Then S and T' have a unique common fixed point in X. 





Proof. Let zo be an arbitrary point in X and define sequence {z,,} in 
X such that 


TX2n-1 = SEn, Doni = TXon+1f0r n = 0, 1, 2. fee, TIE (3.16) 
Now, we show that the sequence {x,} is Cauchy. Let £ = x2, and 
y = 22444 in (3.15) we have 


d(Z2n41; X2n42) = d(S395, d Poet) 


Bd(x2n-1;T'22n41)d(x2n;Sz25) 
3 ad(Tən, 2n+1) 1+d(2n,t2n+1) 


-Fy[d(zos; S225) +d(Lon41, TL2n41)|+-6[d(Lan, Tan41) +4 (Lon41, SL2n)| 
Bd(z2n43,t2n42)d(z2n,22n44) 

1--d(xon,z2n41i) 
pud [d(Xn, 541) + A(Lon+1; Lon+2)| 
+6[d(Xon, 22542) + d(Zos41; 22541) 

















= ad(X2n, Lon+1) 





Bd(x2n-c1,22n42)d(x2n;X2n41) 
| 
T ad (Ton, Ton+1) ] 1-d(z25n,t2n441) 


4 y|d(zon, 395.1) + dl£on+1, Lont2)| + 5ó|d(z25, 2441) + d(12n41, Lan+2)| 
which implies that 

Id(zon.1; t2n42)] < a|d(X2n, 1254.1) 
ty[Id(x2n, Fant1)| + Id(z2n1, Lan+2) | 
+55 ||d(X2n,Con41)| + [d(£2n41; 9242) |]: 
Since |d(£on, xon41)| € |1 + d(zon, x2541)]; 

so we get |d(%2n41, 22542)| < a|d(Lan, Lon41)| + Bld(Tan41, 2542) 
+y||d(an, F2n41)| + |d(2n41, F2n+42)] 
+56 ||d(22n,Lonti)| + |d(an41, 02842) l] 











| | Bld(z2nc1,22n42)]|d (125 25 41) 
l |1+d(£ən;£2n+1)| 























and hence 

d(want1,2an42)| (5855855 ) ldem, z241). — — — (3.17) 

Similarly, we obtain 

d(Lon42, 2n+3)| € (5) |d(£2n+1; 22042)]. — — — (3.18) 

Put u = DIS « 1, we have 

d(25.51,2542)| € p|d(zs, 25.4i)| € ——— < p" |d(zo, 21)].— — — (3-19) 





Thus for any m > n,m,n EN, 
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|[d(En, Em)| < $|d(%n,Fn+1)| + $|d(%n41, Pm)| 
< s|d(En, En41)| + 87|d(an41, Pn42)| + $°|d(tn42,%m)| 














< s|d(En, En41)| + 5°ld(En+1,; En+2)| +s" |e Gnas) tas) |S 
pa he dd (Em2, £&m—1)| Ss Old (ae, 94, £m)|.: 

By using (3.19) we get 

|d(En, £m)| < su" |d(zo, £1)| + s?" |d(zo, £1)| + s?" ^? |d(zo. 21)| 


T eee go 071 472 1d(zo, 21)| + 57" "7 |d(x0, 21) | 
-Ys i+n— ‘d( (£o, 21)]. 

Therefore. 

|d(zs, t.)| € Doster |d(eo, 21)| 
m-—1 = oo 

= Y stut |d(zo, 21) < 3 su)! |d(zo, 23)| 
E n t=n 

= (on Gu" |d(xo, «1)| 

and so, 





ld(£n, £m)| < GA” Id (zo, £1)| — 0 as m,n — oo. 


This implies that (x, }is a Cauchy sequence in X. Since X is complete, 
there exists some u € X such that 7, — u as n — oo. Let on contrary 
u # Su, then there exists z € X such that 


Id(u, Su)| = |z| > 0. — — — (3.20) 

So by using the triangluar inequality and (3.15), we get 
z = d(u, Su); sd(u, 2412) + sd(z2415, Su) 

= sd(u, 12443) + sd(Tx2,44, Su) 

X sd(u, xo442) + sad(u, 2441) 4 
+sy[d(u, Su) + d(xan41, TL2n+1)| 
+s6[d(u, T' 12441) + d(zon41, Su)| 


= sd(u, 134413) + sad(u, Lan41) 4 


SBd(z2n 1,1 £2n+41)d(u,Su) 
1+d(u,v2n+1) 














sBd(z2n41,22n42)d(u,Su) 
1+d(u,@2n+41) 


+sy[d(u, Su) + d(€2n41;T2n42)] + $6[d(U, 2542) + U(ton41, S'u)]. 
This implies that 
|z| = |d(u, Su)| € s|d(u, ran42)| + sa|d(an41, u)] 


8B|z||d(tan41,02n+2)| 
|1+d(u,22n41)| 


+s7[]2| + [d@2n41; £2n+2)|] 
+50 [|d(u, 125.2) + [dani Su)|]. — — — (3.21) 
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Taking the limit of (3.21) as n — oo, we obtain that |z| = |d(u, Su)| < 
0, a contradiction with (3.20). So |z| = 0 2 Su = u. Similarly, one can 
show that u = Tu. 

We now show that S and T' have unique common fixed point. For this, 
assume that u*in X is another common fixed point of S and T. Then 
d(u, u*) = d( Su, Tu*) 


zi ad(u, u*) + EGENT + 4[d(u, Su) + d(u*, T'u*)] 


+6|d(u, Tu*) + d(u*Su)]. 
So that |d(u,u*)| < ofd(u, u*)| + 82G Solaun ru") 
+ylld(u, Su)| + |d(ut, Tu*)]--(]a(u, Tu*)] + |d(ut, Su)]] 
= (a + 20)|d(u, u*)]. 
This implies that u* = u, which proves the uniqueness of common fixed 
point in X. This completes the proof. 








Corollary 3.10. Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying: 

d(Tz, Ty) X ad(x,y) + “erates 

+9|d(x, Tx) + d(y, Ty)] 

+6[d(x, Ty) + d(y, Tx)] — — — (3.22) 

for all x,y € X, where a, 8, 7,6 are nonnegative reals with a+ B 4- 2 4- 
2s0 < 1. Then T has a unique common fixed point in X. 








Proof. We can prove this result by applying Theorem 3.9 with S = T. 
Corollary 3.11 Let (X,d) be a complete complex valued b-metric 
space with the coefficient s > 1 and let T : X — X be a mapping 
satisfying (for some fixed n): 

d(T"z, T"y) 3 od(r, y) + Ere) 

+yld(x, Tx) + d(y, T^y)] 

+6[d(x,T”y) + d(y, T” x)|] — ——(3.23) 

for all x,y € X, where a, B,y,0 are nonnegative reals with a+ B 4- 2 4- 
2s0 « 1. Then T' has a unique fixed point in X. 

Proof. From Corollary 3.10, we obtain u € X such that 

T”u =u. 

The uniqueness follows from 

d(Tu, u) = EE T”u) = d(T"”Tu, T”u) 

< ad(Tu, u) 4 A 

+y[d(Tu, T"Twu) + d(u, T"u)] 

+6[d(Tu, T"u) + d(u, T"T'u)] 
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< ad(Tu, u) 4 Bd(u;u)d(Tu,T T" u) 


1+d(Tu,u) 


+y|d(Tu, TT"u) + d(u, u)] 
+6|d(Tu, u) + d(u, TT”u)| 
= (a+ 26)d(Tu, u). — — — (3.24) 
By taking modulus of (3.24) and since a+26 < 1, we obtain |d(T'u, u)| € 
(a + 20)|d(Tu, u)| < |d(T'u, u)|,a contradiction. 


So T'u — u. Hence 
Tu=T"u= wu. 


Therefore, the fixed point of T' is unique. This completes the proof. 
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